Abstract: Some selected tests of the electroweak theory at an e + e − Linear Collider are discussed. Improved measurements of fundamental parameters such as the effective weak mixing angle, the W-boson mass, or the top-quark mass, allow to strengthen the precision tests of the electroweak theory considerably. Moreover, an e + e − Linear Collider is an ideal instrument to investigate the Higgs sector of the Standard Model or, more generally, the mechanism of electroweak symmetry breaking. To this end, also the properties and interactions of the top quark can be studied accurately. An e + e − Linear Collider is also a well-suited tool to study physics beyond the Standard Model. Thus, for instance, the spectrum of supersymmetric theories can be explored with high precision, and the underlying fundamental theory can be reconstructed. In order to achieve all these goals, a lot of theoretical precision calculations are necessary.
Introduction
The Standard Model (SM) of particle physics was established during the past decades by an intensive interaction between theory and experiment. Gradually, experimental analyses have confirmed the basic physical concepts. Leptons and quarks were discovered as the fundamental constituents of matter. The photon, the W and Z bosons, and the gluons were identified as the carriers of the electromagnetic, weak, and strong interactions. Electromagnetic and weak interactions have been unified within the electroweak gauge-field theory, and the QCD gauge theory has been confirmed as the theory of the strong interactions.
In the last few years many aspects of the model, in particular in the electroweak sector, have been accurately tested, some to the per-mille level. The mass of the top quark was already constrained by quantum corrections before it was directly measured. Overall, the experimental analysis is in remarkable agreement with the electroweak SM, although some 2-3σ deviations have been identified, and neutrino oscillations have been established.
On the other hand, several aspects or the SM have not been confirmed or precisely tested so far. The most important issue in this respect is the Higgs boson. Apart from the direct lower bound, M H > 114. 4 GeV [1] , and the indirect upper bound, M H < ∼ 193 GeV [2] , on the Higgs-boson mass, the Higgs sector of the SM is so far unexplored. The uncovering of the mechanism of electroweak symmetry breaking is one of the central problems to be solved by experiments at future colliders. But also the properties of the top quark and the self-couplings of the gauge bosons have not yet been tested with high precision.
Despite the great successes of the SM, it leaves many deep questions open. Here we list only some of them: The mass spectrum of the fermions is not explained, and CP violation is not understood at the level required for an explanation of the excess of matter over antimatter in the universe. The existence and number of families and the quantization of charge are not addressed. Moreover, a fundamental quantum-mechanical description of gravity has not been formulated.
A specific flaw of the SM is the so-called hierarchy problem. The SM is commonly understood as the low-energy limit of a more complete theory. This should eventually also include gravity. As a consequence, scales much higher than the electroweak scale appear, like the grand-unified scale M GUT ≈ 10 16 Several solutions of the hierarchy problem have been proposed. Supersymmetry can be invoked to stabilize the low electroweak scale. By introducing extra space-time dimensions, the scale of D-dimensional gravity can be arranged to lie in the TeV region. On the other hand, if there is no light Higgs boson, the electroweak interaction becomes strong in the TeV region leading to a completely different phenomenology at these energies.
In order to improve the tests of the SM and to find evidence for physics beyond, one has to increase the energy and/or the accuracy of the experiments. To this end, high-energy colliders with high luminosity are required. The Large Hadron Collider (LHC) provides centre-of-mass energies up to 14 TeV, but this energy is distributed over the constituents of the colliding protons. Moreover, the interesting events have to be extracted from a huge background of standard hadronic strong-interaction events. An e + e − linear collider (LC), on the other hand will allow for cleaner and more precise experiments and can complement the research at the LHC even if the energy in only below 1 TeV.
Several versions of LCs have been proposed [3, 4, 5] . A typical example is TESLA [5] . It is planned to operate at energies between 90 and 500 GeV with a possible extension to 800 GeV. The projected luminosity ranges from 50 fb −1 at 90 GeV to 500 fb −1 at 800 GeV.
An electron polarization of 80% is expected, and a positron polarization of 60% appears to be possible.
An e + e − linear collider allows to approach many open questions. Here we can only sketch some of them. The following discussion is essentially based on Refs. [6, 7, 8, 9, 10, 11] .
Electroweak precision tests
The SM of the electroweak interaction is a renormalizable quantum field theory and thus allows accurate theoretical predictions. High precision is needed for the extraction of parameters, such as M W , m t , M H , Yukawa couplings, etc., for tests of the theory at its quantum level, and for the establishment of model-dependent parameter relations. In the SM these include the relation between the gauge-boson masses and the muon decay constant and relations between fermion masses and Yukawa couplings. In the past, high precision measurements allowed for a prediction of m t , presently they constrain M H . In a similar way, electroweak precision tests can also be performed for the Minimal Supersymmetric Standard Model (MSSM), which is also a renormalizable quantum field theory.
The electroweak SM has been tested in the past, in particular at LEP, with an accuracy at the per-mille level. A global fit to the electroweak precision data reveals a generally good agreement [2] . There are, however, some observables, such as the anomalous magnetic moment of the muon, the forward-backward asymmetry of bottom-quark production, and the on-shell weak mixing angle measured by NuTeV, which show deviations from the SM at the 2-3σ level. At present it is not clear whether these are due to statistical fluctuations, an underestimation of experimental or theoretical errors, or due to new physics. Ignoring these problems, one can extract an upper limit on the mass of the Higgs boson of M H < 193 GeV (95% CL) from the fit to the SM [2] .
An e + e − Linear Collider will allow us to considerably improve the precision tests [8] . In the GigaZ option of TESLA about 10 9 Z bosons can be produced per year which is about 100 times the yield of LEP1. Using polarized beams, the effective weak mixing angle sin 2 θ eff , which is defined by the Z-boson-lepton couplings, can be measured from the left-right asymmetry A LR with a precision of δ sin 2 θ eff ∼ 10 −5 . For the total and partial Z widths a factor 2-3 improvement in the experimental accuracy is possible. The experimental knowledge of the partial width Γ(Z → bb) can be improved by a factor five, the one of the b-quark forward-backward asymmetry even by a factor 15. The W-boson mass can be determined from a scan over the W-pair production threshold. With TESLA one can collect an integrated luminosity of 100 fb −1 per year at √ s ∼ 161 GeV. A simulation shows that an error on the W-boson mass of δM W ≈ 6 MeV is reachable [12] . This requires that the knowledge of the absolute beam energy can be controlled to better than 2.5 MeV, which might be achievable with some additional effort. The improved determinations of the effective electroweak mixing angle, sin 2 θ eff , and the W-boson mass, M W , enable improved electroweak precision tests. For example, they allow to predict the Higgs-boson mass with an uncertainty of 5%. The potential of future SM precision tests is illustrated in Figure 1 and Table 1 [11, 13] . In order to extract the SM parameters with the precision mentioned above adequate theoretical predictions are mandatory. The effective weak mixing angle is extracted from fermion-pair production. For this process presently the complete electroweak one-loop corrections, the leading two-loop corrections, and partial non-leading two-loop corrections are available. The present theoretical uncertainty can be estimated to δ sin 2 θ eff ∼ 7 × 10 −5 [11] . In order to reduce this uncertainty to the level required for a LC, the complete electroweak two-loop corrections to e + e − → ¯ and the leading higher-order corrections have to be evaluated. A further important uncertainty arises from α(M Z ), i.e. from the hadronic contribution to the running of α, which is obtained from a dispersion integral over the hadronic cross section σ(e + e − → hadrons) and thus from experimental data. The present experimental uncertainty δ∆α = 3.9 × 10 −4 , induces an uncertainty δ sin 2 θ eff ∼ 1.4×10 −4 [14] . By measuring the cross section σ(e + e − → hadrons) with an accuracy below 1% for √ s < ∼ 10 GeV one could reduce the error on the hadronic contributions to α(M Z ) down to δ∆α = 5 × 10 −5 corresponding to δ sin 2 θ eff ∼ 1.8 × 10 −5 . [17, 18] . Higherorder initial-state-radiation corrections are included in the leading-logarithmic approximation. The theoretical uncertainty (TU) of the total W-pair-production cross section has been estimated to be < ∼ 0.5% in the energy range between 170 and 500 GeV [15, 17, 19] .
Based on a comparison between YFSWW and RacoonWW, for the invariant-mass and angular distributions a TU of 0.5-1% has been derived. The TU on the reconstructed W-boson mass was estimated to be ∼ 5 MeV [20] and the TU for the anomalous triple gauge-boson coupling parameter λ, which is equal to 1 in the SM and contributes to the anomalous magnetic moment of the W boson, to be of the order of 0.005 [21] . Near the W-pair threshold ( √ s < ∼ 170 GeV) the TU of the DPA approach runs out of control because of the increasing importance of the non-doubly-resonant background. The TU of an improved Born approximation, which is valid in this region, is about 2%. All these TUs are sufficient for the present experiments at LEP2.
However, without reducing the TU to the level of 0.1%, the aimed precision of 6 MeV in the M W determination from a threshold scan will be impossible. This level of precision is also required for measurements of the total cross section at LC energies, which will have an accuracy of a few per mille. To this end, the full O(α) corrections to e + e − → 4f for all final states and the most important two-loop effects have to be included.
At high scattering energies, √ s M W , the radiative corrections are dominated by logarithms of the form α n ln m (s/M 2 W ), 1 ≤ m ≤ 2n; the leading ones (m = 2n) are known as Sudakov logarithms. While these terms are implicitly contained in the present DPA approaches at the one-loop level, the higher-order logarithms (n ≥ 2) are not yet included in existing generators. These terms are potentially relevant for √ s > ∼ 500 GeV. The existing efforts in the calculation of these logarithms are reviewed in Ref. [22] .
Higgs physics
Within the SM, the fundamental particles, electroweak gauge bosons, leptons, and quarks, acquire masses by interacting with the scalar Higgs field in the ground state. To accommodate the well-established electromagnetic and weak phenomena, the Higgs mechanism requires at least one weak iso-doublet scalar field. After absorbing three Goldstone modes to build up the longitudinal polarization states of the W ± and Z bosons, one degree is left which corresponds to a real scalar particle, the Higgs boson.
In the SM, the Higgs-boson mass M H is the only unknown parameter. Once M H is fixed, the profile of the Higgs boson is uniquely determined. If the Higgs boson exists and has no exotic properties, the LHC must find a particle compatible with it. However, the proof that this particle is responsible for mass generation requires a LC. Three steps are necessary to establish the Higgs mechanism experimentally as the mechanism for generating the masses of the fundamental particles:
• the Higgs boson must be discovered;
• the couplings of Higgs boson to gauge bosons and fermions must be proven to be proportional to their masses:
• the Higgs potential generating the non-zero vacuum expectation value must be reconstructed by determining the Higgs self-couplings.
The main SM Higgs-production processes at an e + e − LC are the Higgs-strahlung process e + e − → ZH [23] and the WW-fusion process e + e − → ν eνe H [24] . The corresponding lowest-order diagrams are shown in Figure 2 
where
, and v e = −1 + 4s 2 w . The cross section for the WW-fusion process rises ∝ ln(s/M 2 H ) and dominates at high energies
The cross sections are shown in Figure 3 M H = 500 GeV, respectively (cf. Figure 3) . Thus, of the order of 5 × 10 4 and 5 × 10 3 Higgs bosons can be produced for an integrated luminosity of 500 fb −1 per year. This allows to perform measurements with an accuracy at the per-cent level. Consequently, adequate theoretical predictions have to take into account radiative corrections and the effects of the finite decay widths of the Z boson and of the Higgs boson.
Since the couplings of the Higgs boson to other particles are proportional to the masses of those particles, the Higgs boson will predominantly decay into the heaviest particle that is kinematically allowed. If M H < ∼ 140 GeV, the Higgs-boson decays mainly into fermionanti-fermion pairs, in particular, into bottom quarks. The corresponding partial decay width reads
with the colour factor N f C = 1 for leptons and 3 for quarks. For larger Higgs-boson masses the decays into one real and one virtual gauge boson become important. If M H > 2M W the Higgs boson can decay into a pair of real W bosons and for M H > 2M Z also into real Z bosons. The corresponding partial decay widths The mass of the Higgs boson can be measured in a model-independent way from the Z recoil spectrum in ZH events (M 2 H = s − 2 √ sE Z + M 2 Z ). Experimental simulations show that the experimental error can be reduced to δM H ≈ 50 MeV in high-luminosity runs [8] .
The width of the SM Higgs boson can be determined in a nearly model-independent way in the intermediate mass range by measuring branching ratios BR i in the decays and the corresponding partial widths Γ i in the production process. The total width can then be derived from Γ H = Γ i /BR i . From the branching ratio for the decay mode H → WW and the corresponding partial width extracted from the size of the WW-fusion cross section one obtains an accuracy of δΓ H /Γ H ∼ 4-13% for M H = 120-160 GeV [8] . In the high mass range (M H > ∼ 200 GeV), the total width can be measured directly from the Higgs-boson line shape with an accuracy δΓ H /Γ H > ∼ 6% [9] . The Higgs couplings to massive gauge bosons g HZZ and g HWW can be determined from the measurement of the cross sections for e + e − → ZH and e + e − → ν eνe H, respectively. The estimated experimental accuracy for these cross sections is of the order of δσ/σ ≈ 0.03 for light Higgs bosons (M H < ∼ 160 GeV). The couplings of the Higgs boson to τ leptons, charm and bottom quarks can be extracted from the measurement of the branching ratios for H → ff for light Higgs bosons with an accuracy of 2-8% [26] . By measuring the ratios of the τ τ and cc to the bb branching ratio, the linear dependence of the Yukawa couplings on the fermion masses can be tested.
The absolute values of the Yukawa couplings can be reconstructed by combining decay branching ratios with the production cross section. For a heavy-enough Higgs boson, the Yukawa coupling of the top quark can be measured directly to ∼ 6% from the e + e − → ttH cross-section normalization [27] .
A LC allows for a model-independent determination of the quantum numbers J PC of the Higgs boson [28] . The threshold rise of the process e + e − → ZX for a boson X with arbitrary spin J and normality n = (−1) J P has been studied in Ref. [29] . While for J = 0 the cross section at threshold rises ∝ β ZX , for higher spins the cross section rises generally with higher powers of β ZX except for some scenarios which can be distinguished through the angular dependence in the continuum. The angular distribution dσ/d cos θ ∝ β ZX sin 2 θ+8M 2 Z /s approaches a spin-zero distribution ∝ sin 2 θ asymptotically. This differs, in particular, from the angular distribution for a spin-less negative-parity state ∝ (1 + cos 2 θ). An unambiguous confirmation of the Higgs mechanism requires the reconstruction of the Higgs potential
where Φ is the SU(2) Higgs doublet and H the physical Higgs field, via a measurement of the triple and quartic Higgs self-couplings. At a high-luminosity LC the triple Higgs coupling can be measured from the process e + e − → ZHH. This cross section amounts to 0.15 fb for M H = 120 GeV at √ s = 500 GeV. Nevertheless, with high luminosity (1000 fb −1 ), excellent b-tagging, and excellent energy-flow reconstruction, a measurement of the triple Higgs coupling with an accuracy better than 20% seems to be possible [30] . In this way an essential element of the mechanism for spontaneous symmetry breaking can be established experimentally.
Top-quark physics
The top quark is the heaviest matter particle in the SM. Its mass close to the electroweak symmetry breaking scale renders the top quark an ideal object for studying the fundamental interactions. It is likely to play a key role in pinning down the origin of electroweak symmetry breaking and in the search for clues to the flavour problem. Moreover, its mass enters quadratically in precision tests of the SM and the MSSM. High-precision measurements of the properties and interactions of the top quark are therefore mandatory at any future collider.
The dominant decay mode of the SM top quark (m t ∼ 175 GeV) is the channel t → b + W. Since the width of the top quark, Γ t ∼ 1.4 GeV, is large compared to the scale Λ of the strong interaction, the top quark can be treated in good approximation as a free particle which is not dressed by non-perturbative strong-interaction effects. At an e + e − LC, the top quark is produced in pairs via the process e + e − → tt. At √ s = 350 GeV one expects of the order of 3 × 10 5 top pairs for 500 fb −1 .
According to a recent study of the top-pair production threshold [31] , the top-quark mass, top-quark width, and α s (M Z ) can be measured with an experimental precision of 20 MeV, 30 MeV, and 0.0012, respectively, from a multi-parameter fit to the shape of the top-pair production cross section near threshold, the forward-backward charge asymmetry, and the position of the peak of the top momentum distribution, assuming an integrated luminosity of 300 fb −1 .
If the scale of physics beyond the SM is much larger than the collider energy, the electroweak top-pair-production currents can globally be described by form factors which reduce to anomalous vector and axial-vector couplings of the Z boson, anomalous magnetic dipole moments, and electric dipole moments. The vector and axial-vector couplings can be determined from the polarized production cross sections and the left-right asymmetry to ∼ 2%. The anomalous magnetic dipole moments can be bounded to the per-cent level by measuring the angular dependence of the top-pair cross section. Non-zero values for electric dipole moments can be detected by means of non-vanishing expectation values of CP-odd momentum tensors with a sensitivity < ∼ 10 −18 ecm. A possible V + A admixture to the top-decay current can be measured from the energy distribution of the charged lepton resulting from the decay chain t → W → with an accuracy of about 1%.
Supersymmetry
Although supersymmetry has so far not been found in nature, it is a theoretically very appealing concept. It is the only possible non-trivial extension of the Poincaré group and relates fermions and bosons. Local supersymmetry includes naturally the algebra of general relativity. Supersymmetry implies a cancellation of quadratic divergences and, as a consequence, it stabilizes the masses of fundamental Higgs scalars with respect to radiative corrections in the presence of very high-energy scales associated, for instance, with grand unification. The Minimal Supersymmetric Standard Model (MSSM) is the minimal extension of the Standard Model to incorporate supersymmetry. In addition to the particles of the SM, the MSSM contains their super-partners, sleptons˜ ± ,ν ( = e, µ, τ), squarksq, and gauginosg,W ± ,Z,γ. Two Higgs doublets are necessary to give masses to up-and downtype fermions and to cancel the anomalies of their super-partners, the Higgsinos. As a consequence, there are five physical Higgs particles, four CP-even ones, h, H, and H ± , and one CP-odd one, A. The non-strongly interacting gauginos mix with the Higgsinos to form the corresponding mass eigenstates, two pairs of charginos,χ ± i (i = 1, 2) and four neutralinosχ 0 i (i = 1, . . . 4). The MSSM conserves a multiplicative quantum number, R parity. The SM particles carry R = 1, their super-partners R = −1. As a consequence, supersymmetric particles are produced in pairs, and the lightest supersymmetric particle is stable.
Since the masses of the super-partners are obviously different from the masses of the SM particles, supersymmetry must be broken. In order not to spoil the cancellation of quadratic divergences, supersymmetry breaking is introduced in the MSSM via explicit soft terms with scale M SUSY . This scale should be of the order of a few TeV or less if supersymmetry is to provide a generic solution of the hierarchy problem. Supersymmetry breaking introduces a large number of free parameters; in the most general case the MSSM contains 105 parameters in addition to the SM parameters. This number can be considerably reduced by invoking additional assumptions. In the minimal super-gravity model, owing to universal unification conditions at M GUT ≈ 10 16 GeV, there are only five free parameters, the scalar mass parameter m 0 , the gaugino mass parameter m 1/2 , the universal trilinear coupling parameter A 0 , the ratio of vacuum expectation values tan β = v 1 /v 2 , and the sign of the Higgsino mass parameter µ.
In addition to the solution of the hierarchy problem, the MSSM has further attractive features. The gauge couplings unify, the electroweak symmetry breaking originates as a natural result of renormalization group running from the GUT scale to the electroweak scale, and the lightest supersymmetric particle is a good candidate for cold dark matter. Most motivations for supersymmetry imply that supersymmetric particles should be found in the TeV region or below.
Besides their masses, two mixing angles define the properties of the Higgs bosons and their interactions, the mixing angle β of the neutral CP-odd and charged Higgs sector and and the mixing angle α of the neutral CP-even Higgs sector. Because of supersymmetry, all these parameters can be expressed by only two independent ones. A convenient choice consists in the mass of the pseudoscalar, M A , and tan β. The MSSM predicts an upper bound on the mass of the lightest Higgs boson, M h < ∼ 135 GeV [32] . The search for the neutral MSSM Higgs bosons at e + e − colliders will be a straightforward extension of the search performed at LEP2. The main production mechanisms are Higgs strahlung e + e − → Zh/ZH and associated pair production e + e − → Ah/AH, as well as the related fusion processes. The cross sections for the four Higgs-strahlung and pair-production processes can be expressed as In extended supersymmetric models an absolute upper limit on the mass of the lightest Higgs boson of M h < ∼ 200 GeV has been derived assuming gauge-coupling unification near the GUT scale [33] . Thus, at least one Higgs boson must be discovered at the LHC or LC if low-energy supersymmetry is realized in nature.
If their masses are small enough, supersymmetric particles can be copiously produced at a LC. Charginos and neutralinos are produced in pairs through s-channel γ and Z exchange and t-channel selectron or sneutrino exchange (cf. Figure 5 ). Since the cross sections are O(100 fb), and these particles are easy to detect via their decays, they can be discovered nearly up to the kinematical limit. The properties of charginos and neutralinos can be studied in great detail and the masses can be determined from threshold scans to better than 100 MeV. Note, however, that this requires adequate theoretical predictions. The mass of the lightest supersymmetric particle, which is typically a neutralino, can be measured from decay spectra of heavier supersymmetric particles.
Sleptons and squarks are pair-produced through s-channel γ and Z exchange and tchannel neutralino or chargino exchange. The corresponding lowest-order diagrams are shown in Figure 6 . The cross sections are in the range 10-100 fb and the neutralinos and charginos are easy to detect via their decays. Consequently, their discovery is very easy up to the kinematical limit. The masses can be determined from the P -wave onset of the annihilation cross sections at a level of 200 to 300 MeV. They production rates are high enough to allow for a detaild study of their properties.
From the precisely measured properties of the supersymmetric particles and their production and decay characteristics, the basic low-energy parameters of the MSSM can be Figure 6 : Lowest-order diagrams for sfermion-antisfermion production extracted, typically with accuracies at the per-cent level. These parameters can then be extrapolated to higher energies using the renormalization group. The emerging unification pattern yields information on the supersymmetry breaking scenario. For example, in the minimal supergravity model, universal gaugino and scalar masses should arise at the GUT scale. In the gauge-mediated symmetry breaking (GMSB) model, the scalar masses do not unify, but the masses of particles carrying the same quantum numbers are equal at the intermediate GMSB scale. Using LC results together with LHC results improves errors on parameters at the unification scale by one order of magnitude. A model-independent analysis requires input from a LC. More details can be found in Ref. [34] .
Summary
One of the most pressing problems in particle physics is the mechanism of electroweak symmetry breaking. The LHC will find the Higgs boson, if it exists and has no particular exotic properties. The proof that this particle actually generates the masses requires an e + e − linear collider. Such a machine would allow to challenge the SM by studying in detail the profile of the Higgs boson and of the top quark and by performing improved electroweak precision tests. Beyond the Standard Model, it would be an ideal tool to explore supersymmetry, extra dimensions, etc. An e + e − linear collider is in many aspects complementary to the LHC, and both are needed to understand electroweak symmetry breaking.
In order to successfully carry out the proposed experimental program at a LC, many new theoretical investigations and calculations are necessary. The required precision calculations enter a new level of complexity, requiring the development of new techniques, new concepts, and a lot of (wo)manpower.
